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CVFEM for Advection Diffusion

Advection-Diffusion Equation

-V -F(p)=f inQ
F(¢) = (V6 —ug) inQ
=g onl
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CVFEM for Advection Diffusion

Advection-Diffusion Equation

-V -F(p)=f inQ
F(¢) = (V6 —ug) inQ
¢=g9g onl

on(x)= > ¢iNi(x)

p; EP(Q)
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CVFEM for Advection Diffusion

Aadvection-Diffusion Equation Integrate over control volumes

-V-F(@)=f inQ ) |
F(¢) = (Vo —ug) inQ /@ o, F(9n) - ndS = /c JdV ¥pi € P(@)

¢=g9g onl

on(x)= > ¢iNi(x)

p; EP(Q)
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CVFEM for Advection Diffusion

Aadvection-Diffusion Equation Integrate over control volumes

-V-F(@)=f inQ ) |
F(¢) = (Vo —ug) inQ /@ o, F(9n) - ndS = /c JdV ¥pi € P(@)

¢=g onl F(¢n)= > ¢;(€VN;(x) - uN;(x))

p;€P(Q)

on(x)= > ¢iNi(x)

p; EP(Q)
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CVFEM for Advection Diffusion
Advection-Diffusion Equation Integrate over control volumes
~V-F(¢)=f inQ
F(¢) = (Vg —ug) inQ

¢=g onrl Linear system:

/ ﬂmrmﬁ:/fW'Wum)
ocC; C;

Ap=f

Aij =/ F(Nj) - ndS, fi:/ fdv
aC; C;

on(x)= > ¢iNi(x)

pi€P(Q)
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CVFEM for Advection Diffusion
Advection-Diffusion Equation Integrate over control volumes
~V-F(¢)=f inQ
F(¢) = (Vg —ug) inQ

¢=g onrl Linear system:

/ F(¢h)-ndS:/ fdv  Vp; € P(Q)
ocC; C;

Ap=f

Aij :/ F(Nj) . ndS, fi :/ de
aC; C;

i

Pn(x) = D ¢iNi(x)

Pi€P(@) : Y —
0s 05 5T s

1o

Unstabilized CVFEM Correct Solution
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Stabilization Lsborat

Multi-dimensional Scharfetter-Gummel Upwinding

@ Assume that F;; ~ F(¢) - t;; is constant Y
along e;;
@ 1-d boundary value problem for F;;

dF;; _do
—— =0 Fy= 61'1(7? —Uij¢(s)

ds
#(0) = ¢; and  é(hij) = @5

Bocheyv, Peterson, Gao (2013) "A new control volume finite element method for the stable and accurate solution of
the drift-diffusion equations on general unstructured grids", CMAME 254, 126-145.
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@ ﬁaa%g.rl?al'
Stabilization Lsborat

Multi-dimensional Scharfetter-Gummel Upwinding

@ Assume that F;; ~ F(¢) - t;; is constant Y
along e;;
@ 1-d boundary value problem for F;;
dF;; _ do  _
s =0 By =g —1i(s)
#(0)=¢:i and ¢(hy) = ¢;

@ Edge flux

Fy = Mt (¢5(coth(Bij) — 1) = dilcoth(Bij) + 1)), By =

ﬁijhij

W
2 2€;;

Bocheyv, Peterson, Gao (2013) "A new control volume finite element method for the stable and accurate solution of
the drift-diffusion equations on general unstructured grids", CMAME 254, 126-145.
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@ ﬁaa%g.rl?al'
Stabilization Lsborat

Multi-dimensional Scharfetter-Gummel Upwinding

@ Assume that F;; ~ F(¢) - t;; is constant
along e;;
@ 1-d boundary value problem for F;;
dF;; _ dp _
s 0 iy =g~ Wii(s)

#(0) =¢; and é(hij) = ¢;

@ Edge flux
hijU;;
2

ﬁijhij
Fij = —_—

(¢5(coth(Biy) — 1) — dilcoth(Biy) + 1)), By =

231']'
@ Expand into primary cell using H(curl)-conforming finite elements

~ —
F(¢n) = Z FiiWij;
€eij €E(Q)

Bocheyv, Peterson, Gao (2013) "A new control volume finite element method for the stable and accurate solution of
the drift-diffusion equations on general unstructured grids", CMAME 254, 126-145.
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Operator Matrix Assembly

Loop over primary cell elements
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Operator Matrix Assembly

Loop over primary cell elements
@ Compute edge flux F,,, = an™ én + am™ dm R
@ Compute control volume side normals (n,) Aij = /c F(¢;) - ndS

@ Compute W/nm at integration points on
control volume sides (z4)

o Fi

W: Intrepid_HCURL_QUAD_I1
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Operator Matrix Assembly

Loop over primary cell elements

@ Compute edge flux Fr., = a™¢n + Q™ ¢,

@ Compute control volume side normals (ng)

@ Compute W/nm at integration points on
control volume sides (z4)

@ Fill element operator with ¢, coefficients

Contributions to C; boundary integral from x4
Aii += a:jwij(xq) ‘Ng + aéiwli(xq) " Nq
Aij += a;jwij (xq) " ng + aﬁkwjk(xq) ‘g
A += aikwjk(xq) ‘ng + a’:i’ﬁ}kz(xq) R :
Au+= ' Wia(xy) - mg + af Wii(x,) - ng o

W: Intrepid_HCURL_QUAD_I1
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Operator Matrix Assembly

Loop over primary cell elements

@ Compute edge flux Fr., = a™¢n + Q™ ¢,

@ Compute control volume side normals (ng)

@ Compute W/nm at integration points on
control volume sides (z4)

@ Fill element operator with ¢, coefficients

Contributions to C; boundary integral from x4
Aii += a:jwij(xq) ‘ng + aéiwli(xq) ‘g
Aij += a;jwij (xq) " ng + aﬁkwjk(xq) ‘g
A += aikwjk(xq) ‘ng + a’:i’ﬁ}kz(xq) R :
Au 4= af' Wia(x,) - g + af Wii(x,) - 1y o

W: Intrepid_HCURL_QUAD_I1
Note that edge flux expressions are independent of nodal basis.
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Operator Matrix Assembly

Loop over primary cell elements

@ Compute edge flux Fr., = a™¢n + Q™ ¢,

@ Compute control volume side normals (ng)

@ Compute W/nm at integration points on
control volume sides (z4)

@ Fill element operator with ¢, coefficients

Contributions to C; boundary integral from x4
Aii += a:jwij(xq) ‘ng + aéiwli(xq) ‘g
Aij += a;jwij (xq) " ng + aﬁkwjk(xq) ‘g
A += aikwjk(xq) ‘ng + a’:i’ﬁ}kz(xq) R :
Au 4= af' Wia(x,) - g + af Wii(x,) - 1y o

W: Intrepid_HCURL_QUAD_I1
Note that edge flux expressions are independent of nodal basis.

Method works well, but is only 1st order accurate
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Stabilization "

Second-order Scharfetter-Gummel Upwinding

@ Divide each element into four sub-elements

Bu
a

Bocheyv, Peterson, Perego "A multi-scale control-volume finite element method for advection-diffusion
equations",lIJNMF in review.
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agm - Laboratories
Stabilization

Second-order Scharfetter-Gummel Upwinding
@ Divide each element into four sub-elements

@ Assume that F; ~ F(¢)-t; = A+ Bs

@ 1-d boundary value problem along segment

Fu(s) = —tag(s) + & 22
ds

#(0) = ¢i, ¢(hs/2) =¢r and  ¢(hs) = ¢;
Fy = Fy(hs/8) Fyj = Fs(3hs/4)

Bocheyv, Peterson, Perego "A multi-scale control-volume finite element method for advection-diffusion
equations",lIJNMF in review.
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@ ﬁaa%g.rl?al'
agm - Laboratories
Stabilization

Second-order Scharfetter-Gummel Upwinding
@ Divide each element into four sub-elements

@ Assume that F; ~ F(¢)-t; = A+ Bs

@ 1-d boundary value problem along segment

Fu(s) = —tag(s) + & 22
ds

#(0) = ¢i, ¢(hs/2) =¢r and  ¢(hs) = ¢;
Fy = Fy(hs/8) Fyj = Fs(3hs/4)

@ Edge flux

Fi = F}(¢i, bt) + vit(bs, b, 5)
Fyj = F e, 65) + 75 (04, 61, 05)

Bocheyv, Peterson, Perego "A multi-scale control-volume finite element method for advection-diffusion
equations",lIJNMF in review.
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@ ﬁaa%g.rl?al'
agm - Laboratories
Stabilization

Second-order Scharfetter-Gummel Upwinding
@ Divide each element into four sub-elements

@ Assume that F; ~ F(¢)-t; = A+ Bs

@ 1-d boundary value problem along segment

Fu(s) = —tag(s) + & 22
ds

#(0) = ¢i, #(hs/2)=¢¢ and ¢(hs) = ¢;
Fit = Fs(hs/4) th - Fs(3hS/4)

@ Edge flux

Fi = F}(¢i, bt) + vit(bs, b, 5)
Fyj = F e, 65) + 75 (04, 61, 05)

@ Expand into primary cell using H(curl)-conforming finite elements
F(gn) = > FyWs
eij €E(Q)

Bocheyv, Peterson, Perego "A multi-scale control-volume finite element method for advection-diffusion
equations",lIJNMF in review.
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Operator Matrix Assembly

Loop over macro elements
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Operator Matrix Assembly ) .

Loop over macro elements

@ Compute edge flux nodal coefficients:
an = a2m¢n + a?nm¢m + a;r;m D
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Operator Matrix Assembly

Loop over macro elements

@ Compute edge flux nodal coefficients:
Fom = a2m¢n + a?nm¢m + a;r;m D
@ Compute control volume side normals (n,)

@ Compute W/nm at integration points on
control volume edges (z4)

w: Intrepid_HCURL_QUAD_I2

10/29/2014
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Operator Matrix Assembly

Loop over macro elements

@ Compute edge flux nodal coefficients:
Fom = a2m¢n + a:an m + ag,m D
@ Compute control volume side normals (n,)

@ Compute an at integration points on
control volume edges (z4)
@ Fill element operator with ¢, coefficients

Example contributions to C., boundary integral from x4
L— —-

Awi ‘f af'Wei(zq) - r_lq_j' aéSWls(xq) ‘g

+alWit(zg) - ng + a? Wii(xg) - ng

w: Intrepid_HCURL_QUAD_I2
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Operator Matrix Assembly

Loop over macro elements

@ Compute edge flux nodal coefficients:
Fom = a2m¢n + a:an m + ag,m D
@ Compute control volume side normals (n,)

@ Compute an at integration points on
control volume edges (z4)
@ Fill element operator with ¢, coefficients

Example contributions to C., boundary integral from x4
L— —-

Awi ‘f af'Wei(zq) - r_lq_j' aéSWls(xq) ‘g

+alWit(zg) - ng + a? Wii(xg) - ng

w: Intrepid_HCURL_QUAD_I2

Edge flux expressions are independent of nodal basis.
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Assembly with Intrepid

Intrepid provides the following capabilities:
@ H(Curl)-conforming basis function
definitions
o W: Intrepid HCURL_QUAD |1
o W: Intrepid HCURL_QUAD_|2
@ Mappings from reference to physical
space
@ Routines to compute control volume
side normals
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Manufactured Solution

-V -F(¢)=f inQ
F(¢) = (Vo —ug) inQ
¢=g onl

p(z,y) = 2> —y?
u = (—sinm/6,cosm/6)

CVFEM-MS CVFEM-SG FEM-SUPG
L2 error | H! error || L2 error | H! error || L2error | H! error

Grid* e=1x103

32 1.57e-3 6.05e-2 4.24e-3 7.48e-2 2.09e-4 3.61e-2

64 3.93e-4 2.89%e-2 2.07e-3 4.91e-2 4.85e-5 1.80e-2
128 8.98e-5 1.24e-2 9.78e-4 3.07e-2 1.11e-5 9.02e-3
Rate 2.06 1.14 1.06 0.642 2.12 1.00
Grid e=1x10""°

32 1.69e-3 6.60e-2 4.73e-3 7.90e-2 2.30e-4 3.61e-2

64 4.54e-4 3.45e-2 2.52e-3 5.48e-2 5.78e-5 1.80e-2
128 1.18e-4 1.76e-2 1.30e-3 3.83e-2 1.45e-5 9.02e-3
Rate 1.92 0.955 0.933 0.521 1.99 1.00

* For CVFEM-MS the size corresponds sub-elements rather than macro-elements.
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Skew Advection Test

~-V.-F(¢)=f inQ g:{o onTLUulruU(fgn{z<05})
F(qb):(qub—uqS) inQ 1 on I'RU(I'Bﬂ{x>O.5})
¢p=g onTl u=(—sinm/6,cosT/6) €=1.0x 107>
CVFEM-MS CVFEM-SG SUPG

12
‘
. 02 .
08
04
0
05

02
]
e 14 0s
oo Pt
u

min = -0.0445 min = 0.00 min = -0.0459
max = 1.077 max = 1.004 max = 1.251

]
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Double Glazing Test
-V-F(¢)=f inQ _{o onlL Ul U(TpNn{z <05}
F(¢) = (V¢ —ug) inQ 9=11 onlrU(TzN{z>05})

¢=g onl u*( 2(2y_1)(1_(2x_1)2))
T\ 22z - 1)(1 - (2y — 1)?)
e=1.0x10"%

CVFEM-MS CVFEM-SG SUPG
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Conclusions

Multi-scale CVFEM offers a stable and robust method for solving
advection-diffusion equations

@ Stabilization uses 2nd-order Nedelec elements to lift 2nd-order edge
fluxes into element

@ Works on unstructured grids
@ Does not require heuristic stabilization parameters
@ Relatively straightforward to implement using tools in the Intrepid library
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